In this paper we conclude the analysis started in [1] and continued in [2] and [3] of determining the solutions of the congruence x n ≡ 1 (mod P a ) over O K , where n and a are arbitrary positive integers, K is an algebraic number field and P denotes a prime ideal in O K lying over the rational prime number p. In the previous papers we determined the solutions of x n ≡ 1 (mod P a ) in the following two main cases: p n, and n = p b . In this part we combine our results into one general result, regarding a general n. In particular, we shall present explicit solutions of the congruences x n ≡ 1 (mod p) and x p ≡ 1 (mod p m ) in the cyclotomic field Q(ζ p ).
Introduction
Let K be an algebraic number field. Denote by O K the ring of integers of K and by M an ideal in O K . In these settings, we denote by M(O K /M) a complete residue system modulo M. Given a prime ideal P, we denote by K P the P-adic number field and by O P the ring of P-adic integers of K P . Readers are referred to [1] for more details regarding the exact definitions of the objects mentioned above.
In the previous parts we determined the solutions of the congruence x n ≡ 1 (mod P a ) for a prime ideal P in two special cases: In Part I in the case where p n and in Parts II and III in the case where n = p b . In Part II we studied the solutions of x p b ≡ 1 (mod P a ) under the assumption that P (p) and in Part III we continued this study for an arbitrary P, regardless of whether P (p) or P 2 | ( Case 1 was handled in Theorem III.3.2, Case 2 was handled in Theorem III.4.6 and in Theorem III.4.9(A), Case 3 was handled in Theorem III.4.6. Finally, Case 4 and Case 5 were handled in Theorem III.4.9(B). Our main purpose in this Part is to combine these results and to reformulate them in a more concise form, using the language of P-adic numbers and partial-sums notation defined in Section I.4. This will be accomplished in the following theorem:
Theorem 2.5. Assume Notation III.4.1. In addition, suppose that a 2, d = gcd(n, NP − 1) and let k be the unique non-negative integer such that m k < a − eb m k+1 . Consider the cases 1,2,3 and 5 defined in Diagram 1 and set
Then the following statements hold.
(a) If p n, then the incongruent solutions of x n ≡ 1 (mod P a ) are of the form x ≡ u a−1 (mod P a ), where u ∈ U K * P (n).
(b) If p | n, then the incongruent solutions of x n ≡ 1 (mod P a ) are of the form
where
For more details see Section 2.
In addition, as an illustrative example of our results, we shall give the explicit solutions of the congruences x n ≡ 1 (mod p) and x p ≡ 1 (mod p m ) in the cyclotomic field Q(ζ p ), where p is an odd rational prime number, m is an arbitrary positive integer and ζ p = e 2πi/p is the primitive p-th root of unity. This is summarized in the following theorem: Theorem 3.1. Suppose that p is an odd rational prime number and let K p = Q(ζ p ) denote the cyclotomic field, where ζ p = e 2πi/p is the primitive p-th root of unity.
(a) Given a positive integer n, the solutions of
where t i ∈ {0, 1, 2 . . . , p − 1} and the a's run over all solutions of
Consequently, the number of solutions is dp p−2 .
(b) Given a positive integer m, the solutions of
if m = 1, and
if m > 1, where t i ∈ {0, 1, 2 . . . , p − 1} and 0 k p − 1. Consequently, the number of solutions is p p−2 if m = 1, and p p if m > 1.
In this paper the notation and preliminaries summarized of Part I are assumed. Furthermore, we shall use results from Part I, Part II and Part III. For clarity, we shall refer to results from Part I, Part II and Part III by adding the letter "I", "II" or "III", respectively, to the number of the result. For example, Theorem I.4.3 refers to Theorem 4.3 of Part I.
2 The "concise" form of the n-th roots of unity modulo P a Recall that if G is a finite abelian group, then U G (n) denotes the subgroup of n-th roots of unity in G, that is U G (n) := {x ∈ G : x n = 1 G }. In particular, U K * P (n) denotes the subgroup of n-th roots of unity in the P-adic field K P , that is U K * P (n) := {x ∈ K * P : x n = 1}. In addition, if M is an integral ideal in the number field K, we shall use the special notation U M (n) to denote subgroup of n-th roots of unity in
Our purpose in this paper is to give the general form for the n-th roots of unity modulo P a . As we shall see in this section, it will be more convenient to express the n-th roots of unity modulo P a via P-adic numbers. That goal will be accomplished in two steps. Writing n as n p b , where p b n, suggests handling the groups U P a (p b ) and U P a (n ) separately. The results regarding the group U P a (p b ) were presented in Theorems III.3.2, III.4.6 and III.4.9. These results can be reformulated in a more concise form using P-adic numbers and partial-sums notation defined in Section I. 4 . Recall that if a ∈ O P is a P-adic integer and
is its P-adic expansion, where γ ∈ P \ P 2 , then for every non-negative integer n we denote by a n the n-th partial sum of a, namely
Observe that a n ∈ O K and that a ≡ a n−1 (mod P n ) for each n. Moreover, if n denotes a positive integer, we define M n (O P ) to be a complete residue system of P-adic integers modulo P n . By this we mean that each P-adic integer is congruent modulo P n to a unique element of M n (O P ). We note that M n (O P ) is finite, since by Theorem I.2.7 the following isomorphism holds:
Proposition 2.1. Assume Notation III.4.1. In addition, suppose that a 2 and let k be the unique non-negative integer such that m k < a − eb m k+1 .
Consider the cases 1-5 defined in Diagram 1 and set
Then the solutions of x p b ≡ 1 (mod P a ) in cases 1-3 have the form
and in cases 4-5 these solutions have the form
where the β Γr , . . . , β ∆−1 ∈ M satisfy one of the systems of congruences (a)-(e) given in Theorem III.4.9 according to the value of k.
Remark As an abbreviation, we shall refer to the systems of congruences (a)-(e) given in Theorem III.4.9, as (SYS).
Proof. Theorem III.3.2 claims that in Case 1 the solutions of x p b ≡ 1 (mod P a ) are of the following form:
where θ i ∈ M are arbitrary. Theorem III.4.6 and Theorem III.4.9 claim that in Case 2 and in Case 3, respectively, the solutions of
where θ i ∈ M are arbitrary. Therefore, we may say that in cases 1, 2 and 3 the solutions of x p b ≡ 1 (mod P a ) are of the form
where θ i ∈ M are arbitrary and ∆ = a/p b in Case 1, while ∆ = k + 1 in Cases 2 and 3.
Part (b) of Theorem III.4.9(B) claims that in Case 4 the solutions of x p b ≡ 1 (mod P a ) are of the following form:
where the β Γr , . . . , β k ∈ M satisfy one of the systems of (SYS) and θ i ∈ M are arbitrary. Suppose now that we are in Case 5. By parts (d) and (e) of Proposition III.4.2 we get that m k = k and m k+1 = k + 1, so a − eb = k + 1. It follows by part (a) and parts (c)-(e) of Theorem III.4.9 that the solutions of x p b ≡ 1 (mod P a ) are of the form
where the β Γr , . . . , β a−eb−1 ∈ M satisfy one of the systems of (SYS) and θ i ∈ M are arbitrary. To conclude, by defining the quantity
we may conclude that in cases 1, 2 and 3 the solutions of
and in cases 4 and 5 have the form
where the β Γr , . . . , β ∆−1 ∈ M satisfy one of the systems of (SYS) and θ i ∈ M are arbitrary. These results can be reformulated in a more concise form as follows. Note that
Now, if M is a complete residue system of O K modulo P and M a−∆ (O P ) is a complete residue system of O P modulo P a−∆ , then the set of values {t a−∆−1 : t ∈ M a−∆ (O P )} produces the same values modulo P a as
Thus, using this notation we may say that in cases 1-3 the solutions of x p b ≡ 1 (mod P a ) have the form
where the β Γr , . . . , β ∆−1 ∈ M satisfy one of the systems of (SYS), as required.
Before proceeding we shall need the following three propositions.
Proposition 2.2. Let n, m be positive integers and let G be a finite abelian group. Then
and let s, t be integers such sm + tn = d. Now
In view of part (b) and Proposition I.3.1(a) we deduce that
Since m and n are relatively prime, we obtain in view of part (b) that
Proposition 2.3. Let K be a number field, P be a prime ideal lying above the prime number p, a and n be positive integers and let b be the non-negative integer such that p b n. Then
and
Proof. Since p n p b , it follows by Theorem I.4.3 and Proposition I.3.1(c) that
. But NP is a power of p, so p NP − 1 and
and since p d, we deduce by Theorem I.4.3 that
By Proposition 2.2(a) it follows that U K
. By Proposition 2.2(c) and the above discussion we obtain
and similarly U P a (n) = U P a (d) × U P a (p b ), as required. To prove the second part of the assertion, we note that by Theorem I.4.3
The proof of the following proposition is similar to this in the basic case of congruences in Z and therefore will be omitted (see [4, pp. 35 
]).
Proposition 2.4. Suppose that M is an ideal in an algebraic number field K and let λ, µ ∈ O K . If {θ 1 , θ 2 , . . . , θ NM } is a complete residue system modulo M and gcd((λ), M) = (1), then also {λθ 1 + µ, λθ 2 + µ, . . . , λθ NM + µ} is a complete residue system modulo M.
We are now in a position to handle the case of a general exponent n. Theorem 2.5 below summarizes this discussion and gives the structure of n-th roots of unity modulo P a for the cases 1-3 and 5 (Case 4 is excluded) in terms of P-adic numbers. Then the following statements hold.
where t ∈ M a−∆ (O P ) and u ∈ U (b) By Proposition 2.3 we obtain that
To get the desired form of U P a (n), first note that
is a complete set of residues modulo P a−∆ . Since u a−1 is invertible modulo P a−∆ , it follows by Proposition 2.4, that the sets
Therefore,
as desired in cases 1-3.
We turn now to Case 5. Observing the structure of the solutions in Case 5 in Proposition 2.1, our next step is to characterize the partial sums 1+β Γr γ Γr + . . .+β ∆−1 γ ∆−1 in terms of P-adic numbers. By Theorem III.5.2, the (∆−1)-th partial sums of the P-adic p b -th roots of unity are exactly the sets of values of b ∆−1 = 1 + β Γr γ Γr + . . . + β ∆−1 γ ∆−1 . Moreover, if we are in Case 5, then every b ∆−1 corresponds exactly to one P-adic p b -th root of unity. Indeed, in Case 5 we have Γ 0 k and by definition ∆ = a − eb = k + 1. Hence Γ 0 < ∆ and by examining the systems of congruence ( * ) and ( * * ) of Theorem III.5.2, we can see that the β i for i > Γ 0 satisfy a linear congruence which is uniquely solvable modulo P. Thus, once the values (β Γr , . . . , β Γ 0 ) are determined (and fortiori (β Γr , . . . , β ∆−1 )), then the rest of the β's, namely β ∆ , β ∆+1 , β ∆+2 , . . ., are uniquely determined. Therefore, the structure of the p b -th roots of unity modulo P a in Case 5 is:
(Note that in Case 4 we have ∆ Γ 0 , so b ∆−1 does not necessarily correspond to a P-adic p b -th root of unity. This may happen if one of the congruences for β Γ 0 in the systems ( * ) and ( * * ) of Theorem III.5.2 is not solvable).
The above set U P a (p b ) can be rewritten a bit differently. To do so, note
By applying the reasoning used in cases 1-3, we may conclude that the sets
} and applying again the reasoning used in cases 1-3, we obtain
by Proposition 2.3, so the solutions of x n = 1 in K * P are of the form x = ab. Hence
The proof is therefore complete.
3 The n-th roots of unity modulo p m in cyclotomic fields Unfortunately, as mentioned in the proof of Theorem 2.5, we can not say much about the structure of solutions in Case 4 in general, because of lack of information about U P a (p b ) in this case. Nevertheless, knowing more about K and P can be very useful in Case 4, as we shall see in Theorem 3.2 below, where an explicit analysis for the solutions of certain congruences in the cyclotomic fields of prime degree will be accomplished. We begin with the following proposition which claims that it is unimportant whether a "rational" congruence a ≡ b (mod m), where a, b, m ∈ Z, is considered over Z or over O K .
Proposition 3.1. Suppose that a, b, m ∈ Z are let K be an algebraic number field . Then
If Ω denotes the set of all algebraic numbers (in C), then by [6, p. 84] we have that Ω ∩ Q = Z.
Theorem 3.2. Suppose that p is an odd rational prime number and let K p = Q(ζ p ) denote the cyclotomic field, where ζ p = e 2πi/p is the primitive p-th root of unity.
where t i ∈ {0, 1, 2 . . . , p − 1} and the a's run over all solutions of , n) . Consequently, the number of solutions is dp p−2 .
Proof. (a) By [5, pp. 85-86] P = (1 − ζ p ) is a prime ideal with the norm NP = p, and the ideal (p) has the factorization (p) = P p−1 . We need therefore to solve the congruence x n ≡ 1 (mod P p−1 ). In this case a = p − 1 2 and the ramification index is also e = p − 1. Moreover, let d = gcd(n, p − 1).
First suppose that p n. Then by Theorem 2.5 the solutions of x n ≡ 1 (mod P a ) are x ≡ u a−1 (mod P a ), where u runs over all the P-adic n-th roots of unity. Moreover, there are d = gcd(n, p − 1) incongruent solutions since in Case 5 of Theorem 2.5 so here ∆ = a − eb = (p − 1)(m − 1). Therefore, the solutions of
where u ∈ U (Kp) * P (p) and t ∈ M a−1 (O P ). To get a simpler form of these solutions, first note that i, {1, ω} is an integral basis for O K 3 , ζ p = {1, ω,ω} and we may take {−1, 0, 1} to be a complete residue system modulo P = (1 − ω). where t, s ∈ {−1, 0, 1}. The number of solutions in this case is 3 · 3 2 = 27. In particular, for m = 2, the solutions of x 3 ≡ 1 (mod 9) over Q(ζ 3 ) are 1 4 7 ω 3 + ω 6 + ω 2 + 2ω 5 + 2ω 8 + 2ω 1 + 3ω 4 + 3ω 7 + 3ω 4ω 3 + 4ω 6 + 4ω 2 + 5ω 5 + 5ω 8 + 5ω 1 + 6ω 4 + 6ω 7 + 6ω 7ω 3 + 7ω 6 + 7ω 2 + 8ω 5 + 8ω 8 + 8ω
